Tutorial 20: More Series MAT157Y5 2021-2022

Problem 1
1. Suppose that f is continuous and that the sequence
z, (), f(f (), F(f(f(=))), ...
converges to L. Prove that L is a “fixed point” for f, i.e., f(L) = L.
2. A function f : [a,b] — [a, b] is called a contraction if there exists ¢ < 1 such that, for all z,y € [a, b],
|f(2) = f(Y)| < clz -yl

Prove that any contraction has a unique fixed point.
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Recall that if (s,), (t,) are sequences of real numbers, and for some N € N we have n > N implies
Sp < t,, then
liminf s, <liminf¢,
n—oo n— oo

limsup s, <limsupt,
n—oo n— oo

and for any bounded sequence (a,), lim a, = L if and only if
n— o0

liminf a,, = L = limsup a,,.
n—oo n— oo

Also recall the binomial theorem: for all z,y € R and n € N,

(z+y)" = zn: <Z> akyn =k

k=0

Where
n\ n!
k) El(n —k)!

Problem 2

(oo}
1
1. Prove that E — converges.
‘ n!
o=

2. Prove that for all n € N,

1\" 1
Conclude that {1+ —| < =
onclude a<—|—n> _Z

3. Prove that

Conclude that g — = e. Hint: Fix some m € N and show g — < lim <1 + > , then let m
— n! — k! = n—oo n

go to infinity.

4. Show that for all n € N,

| =1 1
D DN D
k=0 m=n-+1

How many terms of this series do we need to compute e accurate up to 10 decimal places?

5. Prove that e is irrational. Hint: If e = p/q for p € Z and ¢q € N, then

q
1
| _§ —
0<q.q<e 2 k!><1.
=0




Tutorial 20: More Series MAT157Y5 2021-2022

How does this lead to a contradiction?
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Problem 3
Show that if lim a, = L then
n— o0

lim G+t an)

n—00 n

=L

Hint: Separate and bound: for large enough N, ay is close to L. This means ay + - - - + ay s is close
to M- L,so (any+ -+ +anym)/(N+ M) is close to (M - L)/(M + N). If M is large in comparison to
N, then (M - L)/(M + N) is close to L.




